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Synopsis
In this paper are described on the finite element
analysis of the nonsteady behavior of interface between
salt- and freshwater in coastal groundwater. In order
to investigate the validity and the accuracy of this
numerical analysis solution, the results calculated by
this finite element analysis have been compared with
the laboratory model tests. The numerical results
showed the very good agreement with the experimental
data. Moreover, some applications of this analytical
method have been performed.
1. Introduction
The saltwater intrusion into coastal aquifers and the lealcage
of oil from the oil tank or pipe line into groundwater belong to the
interface problem of seepage of two fluids with different densities
and different viscosities. The free surface and the seepage surface
of unconfined groundwater can be dealt with similarly because in that
flow one liquid is groundwater and the other is air, namely it being
the special case of the interface problem. Actually, freshwater and
saltwater are two miscible fluids with a trasition zone between them.
Across this zone dispensive mixing will occur between freshwater and
saltwater. However, the width of this transition zone is usually
thin enough to compare with the thickness of the aquifers [lJ. So it
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can be assumed that an immiscible interface is introduced between
freshwater and seawater.
In this paper are described on the finite element analysis of
the nonsteady behavior of interface between salt- and freshwater in
coastal groundwater and some experimental studies.
2. Governing Equations
Figure lea) shows the interface problem of seepage of two fluids
with different densities (Yf'Ys ) and different viscosities (~f'~s)'
A schematic sketch of the interface in coastal aquifer is shown on
Figure l(b). The well-known equation 1 and 2 are formed for two
dimensional flow in (x, z) plan respectively as,
Freshwater:
(1)
Saltwater:
3h 3 3h 3 3h
S (k s) + --(k _S_)Ss---at=ax xsax dZ zs 3z + gOs (2)
where
(3 )
(4 )
In these equations the suffix f and s represent freshwater and salt-
water, respectively, and
(a)
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Figure 1. Domains and interface.
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k permeability,
S specific yield or specific storage,
h piezometric head,
q sink/source term,
p pressure,
Y specific weight.
Based on the assumptions that the two fluids are immiscible, the
pressures of two fluids Pf and Ps should be equal along an interface,
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(5)
Substituting equations 3 and 4 into equation 5 gives
(6 )
or
(7)
where zB is the height of the interface above the reference datum.
Equation 6 means that the total head of fresh groundwater at the
interface is expressed as a linear function of zB and h s ' In the
case of nonsteady state, the following conservation equation has to
be derived on the interface,
aVf av__5an an (8)
where n shows the direction perpendicular to the interface (see Figure
2) •
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Figure 2. Conservative relationship
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3. Expression with Finite Element
To solve equations 1 and 2 in the conditions of equations 7, 8
and initial-boundary conditions, the finite element method is used.
Putting ys = 0 into equation 7 gives
(9)
This result can be explained that the interface flow of saltwater and
freshwater is reduced to a same problem of unconfined groundwater
flow. In each subregion Rf, Rs storage of water due to volumetric
deformations of water and soil will be disregarded (S = 0 in equation
1, 2). Then the differential equation is the same as for steady flow.
Time dependency will only be introduced that moving boundary condi-
tions (for example free surface and interface) is time dependent.
The domain is subdivided into a large number (say N) of elementary
sub-domains. The alternative formulation of this problem is obtained
by the variational principle [2, 3J.
Nf
E p~.h~ + Q~ + Q~* = 0 (i=l~Nf) (10)j=l ~J J ~ ~
(11)
where
Pij seepage array,
Qi discharge (or recharge) rate at prescribed flux boundary,
Qi* discharge rate at prescribed head boundary,
Nf, NS = nodal point number.
4. Determination of Interface
Along the interface as shown in Figure 3, the solution must
satisfies not only equation 7 but also equation 8. Then, since by
equation 8, following equation should be checked for the nodal point
along the interface,
(k=1,2,······ ,m) (12)
The procedure of the determination of interface in this finite
element analysis is as follow:
(1) Initially set the shape and the position of interface.
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Figure 3. Finite element along interface.
(2) Calculate values of Qf* and QS*
(a) Compute h s in the interior of the domain Rs by use of equa-
tion 11, where the boundary condition of interface has to
be dealt with as an impermiable boundary.
(b) Calculate hf along the interface from equation 6 substi-
tuting h s '
(c) Compute hf values in the interior of the domain Rf by using
equation 10, where the boundary condition of interface is
the prescribed head condition.
(d) From these procedure, the nodal flows Qf*, QS* are calculated
for the nodal points along the interface.
(3) From these values of Qf*, QS*, an error criterion of ci can be
determined,
(13 )
This cycles are repeated until the error is within a specified
tolerance.
(4) By using the values of Q*, and ~t one can get the position of
interface in the next step.
The flow chart of this procedure is shown in Figure 4.
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and initial
conditions,constants etc.
Divide the domain into elements
Calculate unknown h
s
by equation
2 with the condition Q*=O.s, '
Calculate h f along the interface
by equation 6
Compute h f by equation 1
Calculate Qi,Q; and
E:=Qi + Q;
time step
Figure 4. Flow chart of calculation
5. Comparison of Experimental and Numerical Results
In order to investigate the validity and the accuracy of the
numerical analysis solution, in general,"two m~thods are used, that
is, numerical results are compared with the analytical results of
simple problems for which rigorous analytical solutions are available
and numerical results are compared with experimental results. The
flow problem in this work involves so complex conditions that there
is no analytical solution as far as we know. Then to check the valid-
ity and its applicability to practical problems of saltwater intrusion,
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laboratory experimental studies by use of a small tube-net viscous
model were performed [4J,
A small tube-net viscous model is not an actual physical repre-
sentation of porous media as is the sand-box model, but rather it is
a viscous flow analog based on the similarity between the equations
governing saturated flow in a porous media and those describing the
flow of a viscous liquid in a small tube. The merits of this model
are as follows.
(1) The permeability and the storage coefficient can be controlled
by changing the diameter of the tube, then one can easilly make
anisotropic and nonhomogeneous modeles.
(2) It can be used for the experiment of three dimensional ground-
water flow, also in nonsteady state.
The small tube-net viscous model which is used in this research
is constructed of small tube (diameter is 3 mm) and acrylic connector
(see Figure 5). The width of net was equal to 10 em, the model
aquifer dimensions are ~ = 180 em, d = 40 em. Movement of the inter-
face can take place under two different types of flow conditions:
(1) The model aquifer is divided two region with closed tubes at
x = 100 em (see Figure 5). The freshwater and tracer solution
are filled up in both region respectively. At time t = 0, the
closed tubes are opened suddenly. In this case, total head on
right and left boundary are fixed.
(2) In the second type, initial condition is the same as the first
type, but the boundary conditions on right and left hand are
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Figure 5. Schematic diagram of the experimental
equipment and the dimension of small
tube net model.
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impermiable. At time t 0, as the same manner, the closed
tubes at the position x 100 cm are opened suddenly.
Hence, in two cases a confined aquifer is simulated by the model.
During each experiment, the behavior of the interface at various times
is recorded and photographed.
Two main aspects were compared: the variation of interface toe
with time and the shape of the moving interfaces. Figures 6, 7 show
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Comparison between the numerical and the
experimental results of the interface
shapes with the constant head boundary.
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Figure 7. Comparison between the numerical and
the experimental results of interface
shapes with the impervious boundary.
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Figure 8. Motion of the interface toe with
the impervious boundary.
numerical and experimental results for these moving interfaces.
Figure 8 shows similar case 2 for a motion of the interface toe. As
noted in the figure, all the results are consistent. The comparisons
between the two sets of results show that the numerical model is
quite accurate in their description of the movement of the interface.
6. Application of This Method to Plactical Interface Problem
When a drain is operating in the fresh groundwater zone, the
phenomenon of raising the interface, which is called "upconing",
appears in coastal groundwater (see Figure 1). Here, two example
analyses of this phenomenon were performed,
(1) The lower boundary in Figure 9 is impervious (in the case of
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Figure 9. Initial and boundary conditions
of analytical model.
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a shallow coastal aquifer).
(2) The lower boundary is a constant head (in the case of a deep
coastal aquifer).
In both cases, the uper boundary is a constant head. Provided
that the coefficient of permeability: kXf = k zf = kxs = k zs = 2.4
m/day = 3 X 10- 2 cm/s, specific yield: S = 0.2, and specific weight
Yf = 1.00 t/m 3 , Ys = 1.03 t/m
3
, Figures 10, 11 show the results with
the discharge rate Qp = ±100 mj/d/m at the point p(-450 m, -50 m).
-800 (ml, -600I -400, -200I
Figure 10. Shapes of interface (with the impervious
boundary at the bottom).
-200
(m)
-800 (m),
Fresh water
-600
I
-400,
recharge
Salt water
-200,
Figure 11. Shapes of interfare (with the constant
head boundary at the bottom).
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7. Conclusion
In this paper some attempts have been made to apply the finite
element method to the interface flow problem in coastal groundwater
and some examples. The results calculated by this finite element
analysis have been confirmed by the laboratory model tests. The
numerical results showed the very good agreement with the experimental
data.
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